.\ . *The primary objective of this paper is to poultry industry. A significant body of nutri-T p o demonstrate that a model including the protion knowledge is now contained in the conin s o in L Ti duction response to basic nutrients may re- wide, similar savings could be as high as (Arraes) . Hence, for any given forward price $120 million per year. for broilers, minimizing feed cost per pound of broiler gain is of primary concern to the Key words: quadratic programming, produc-broiler industry. Forward contracting is comtion function, broilers, experi-mon in the industry as is specification of the mental design, feed mix. average size bird to meet contract demands.
In general, the main objective of a firm is Th, how to derive the array of feedstufs to maximize profits thereby implying that (feed formulas, diet, or ration) for least cost costs should be minimized for the output production while maintaining the minimum produced. This means that a firm may need nutrient requirements for maximum technito improve technical and/or economic effi-cal eciency continues as the main problem ciency in production (Seitz) . The broiler in-of economic efficiency in poultry nutrition. dustry is not an exception to this general There is a large variety of feedstuffs that can rule as seen by the evolutionary improvement be used as sources of protein and metabolof efficiency in broiler production (Henson) . izable energy which are the fundamental nuYet, there are continuing problems that hinder trients needed for chicken growth. An improvements, appropriate choice of feedstuffs is essential One potential problem is that the industry to achieve efficiency. has concentrated its nutrition efforts around For example, corn and soybean meal have finding the least cost per pound of feed. been the two principal feedstuffs used in Concepts of basic nutritional requirements feed-mix formulas due to their high nutrient have been used to set right-hand-sides of density, relatively low prices, and availabillinear programming (LP) problems designed ity. In general, they represent more than 80 to find proportions of alternative ingredients percent of the ration composition as curin a least cost feed mix. Little thought has rently derived by the industry. However, been given to the concept that nutritional prices of corn and soybean meal have recently requirements might be set in relation to shown increased variation within short pegrowth response to various nutritional levels riods of time (Georgia Agricultural Facts).
These feedstuff prices are crucial determi-porates price and productivity data thereby nants of current least cost feed rations using pointing to improvements in economic effi-LP. Choosing amounts of corn and soybean ciency. meal in a QP ration according to their price levels and marginal productivities of nu-MODEL TESTING trients might lead to more economically efQuadratic response surfaces for various ficient broiler production. It is an hypothesis protein and energy levels may be derived by of this study that the broiler industry does fairly common experiments. Feather sexed not produce broilers as efficiently as it could. day-old male chicks were used in an experAllison and Baird, and Chao, using different iment in Georgia for this purpose. These techniques have found ration formulas with chicks were randomly assigned to 55 pens lower costs per unit of gain than LP rations with 42 chicks per pen. The birds were fed employed by the broiler industry.
ad libitum (as needed) with eleven different Whether the specifications of current LP diets made up of five protein densities (17.5, models lead to the least cost per pound of 18.63, 19.57, 20.88, and 22.0 Dillon has argued that autocorrelation is QP PROGRAMMING RESULTS usually present in experiments of this type and preliminary tests suggested this. A first Since the problem is formulated in feed order autocorrelation process using Durbin's ingredient space, the results in terms of ration method (Kmenta, p. 289) was used to correct mix (or diet formulation) are similar to linear the OLS model, Table 1. programming. The feed ingredients that maxThe quadratic response is a concave func-imize broiler weight at 71 cents per bird are tion and the statistical evidence is strong that compared in Table 2 with the linear prothis is a good description of broiler growth. gramming feed mix constructed from the data The signs of the coefficients, significance of used in the QP model. The QP mix used the the coefficients, and magnitude of R2 are con-same ingredients and satisfied the same nusistent with expected results and from the trient density constraints as LP except it used standpoint of economic theory.
the amounts of protein and energy that would The production response, when trans-maximize growth at the 71 cent level. It is formed into the QP objective function, im-apparent from Table 2 that the QP model is plies that liveweight is a function of showing some trade-offbetween protein and cumulative nutrition intake. Intake is ex-energy. Less corn was used in the QP solution pected to be a function of size of bird but more soybean meal was used in com-(growth) and thereby implying some possi-parison with LP. Other sources of energy and ble joint dependence between growth and protein were likewise affected. Fat as a source feed consumption (Burt) . Models specifying of energy was decreased; protein supplement joint dependence were not estimated but a and feather meal (protein source) were incheck was made to see if there were differ-creased in relation to the LP solution. Prices ences in consumption rates by birds on dif-of alternative sources of energy and protein ferent rations. In all cases, consumption rates played a part. Dried whey, for example, was and days to market of birds on experiment reduced as other protein sources increased. were within industry expectations. Thus, if Wafer meal (energy source) increased while there was significant joint dependence, it did other energy sources decreased. not result in production response parameters
The maximum weight of a bird produced that produced birds outside the time frame for 71 cents on the diet in Table 2 was ordinarily expected for a given size bird.
projected by the growth response equation An appropriate QP model was constructed to be 1.84 kg or just more than 4 pounds by setting a cost constraint equal to 71 cents liveweight, Table 3 . Data were not available per bird, which was an average in a North to compare directly with LP but average feed Georgia broiler firm (equation 16a in the costs per bird by the firm using the ration in Appendix). Average feedstuff prices in the Table 1 were 72 to 75 cents for about the cost equation were collected from the same same size bird. Such comparisons could be firm. Nutrition constraints were constructed from the broiler firm data set up for LP and analysis required only the LP data, the reaBased on National Research Council (1977) consponse equation, and the appropriate trans-straints for 3 to 6 week old broilers, QP satisfies the sponse equation, and the appropriate trans-same constraints except for P and E.
formations.
bAntibiotics and anticoccidial drug. Figure 2 ,calculated from the growth kg. for corn and 23.76 cents/kg. for soybean meal.
response function estimated for the study.
questionable, however, because the LP re-SUMMARY AND CONCLUSIONS suits were achieved under average farm conditions while the QP results were from birds Broiler growth response functions porgrown on an experiment station farm.
trayed in quadratic form in relation to cuFeed efficiency (conversion) for the QP mulative protein and energy intake are highly experiment was judged as excellent, 1.91 in descriptive of broiler growth. Furthermore, comparison to an industry expectation of less this response function is simply one more than 2.0, Table 3 . Days on feed (44.2) were piece of information that is easily additive projected from the experimental data and to data now being used by the broiler industry were about the average of the industry for in linear programming of broiler rations. Addthis size of bird. than that fed by the industry.
Transforming the growth response (W) into The function needs to be concave in the feed ingredient space allows all of the in-region of P and E used to define consistent formation derived from price and nutrition points of technical and economic efficiency. work with LP to be applied directly in the The conditions for concavity of the funcexpanded format of QP. This approach opens tion are given by; the door to much future research. Two immediate areas are:
(4) fpp = 2a 3 < 0, (1) replication of the production function response, and (5) fe = 2a 4 <0, and (2) use of simultaneous equation methods (6) f f 4 _ 2 > o in evaluating possible joint dependence beee pe a 3 4 5 tween growth and consumption.
Equations (4) and (5) imply that the coefOther areas include development of ad-ficients a 3 and a 4 must be negative. From ditional production functions by sex of bird, equation (6), no expectation can be inferred quality of bird (carcass fat), temperature con-concerning the sign of a 5 , unless prior inditions, and bird density of housing. Addi-formation is provided. The absolute value of tional economic modeling will be needed on a 5 would depend on the magnitude of a and least cost per pound of gain per unit of time a 4 and satisfy equation (6), or, la 5 I and to include all inputs to production.
2 `a, 3 . Given the conditions stated for equation (6), a concave broiler response can be found with either a negative or positive sign APPENDIX for a 5 . It is also reasonable and necessary to expect that a, and a 2 are positive for the Broiler Production Functions expectation of positive marginal productivities. Otherwise, increased consumption The production response of broilers to pro-might not produce growth. tein and energy was derived for this study By xing output level at W and rearranging by Arraes for a two-input quadratic produc-eution te t equatn fr tion function. Heady and Dillon and Brown i t e n fr and Arscott, early pioneers in using marginals derived: analysis of production response to crops and (7) a 3 p 2 + (al+a 5 E) P + (a 2 E + a 4 E 2 -livestock, define a typical two-input quad-W 0 +ao) = 0 ratic production function as: Equation (7) can be described as a simple (1) W = f(P, E) = ao + alP + a 2 E + a 3 P 2 quadratic equation in P (or, similarly in E). + a 4 E 2 + a 5 PE, By solving equation (7); where, in this study: W is output (liveweight (8) P = [-(a,+aE) + ((a,+a 5 E) 2 -4a 3 (a 2 E broiler) and P and E are nutrient inputs (pro+a 4 E 2 1 / 2 / tein intake and metabolizable energy intake), +a4E2 W+ao))2]/2a3. respectively.
The linear and quadratic part of the quadIsoquants of a concave function described ratic production response accounts for the by equation (8) are convex to the origin only diminishing marginal productivity of each in a diamond-shape area of technical efiinput. Also, an interaction term (PE) appears ciency shown in Figure 3 between the P and in the equation to incorporate the effect of E axis defined by the lines E = -(a, + the marginal physical product of one input 2a 3 P) /a and E 2 =-(a 2 + a 5 P)/2a 4 . Outside being a function of the level of the other of this area, production could be increased input. The marginal product in broiler weight by reducing one or more inputs. In the region from a small increment in protein may de-of technical efficiency, a point of economic pend on the level of energy that the broiler efficiency can be found on an isoquant tanis consuming. That is: gent to a given total feed cost. Since there is consuming. That is:
are a number of possible levels of total feed (2) (MPP)p = fp(P,E) = a 1 +2a 3 P+a 5 E = cost, an investigation of the expansion path marginal product of protein, and is required. A point of economic efficiency occurs where (3) (MPP)e = fe(P,E) = a 2 +2a 4 E+a 5 P = the marginal rate of technical substitution marginal product of energy.
equals the input price ratio, i.e., protein and energy as the bird gets heavier (higher isoquants). This is an important concept because the industry practice of using linear programming for broiler feed formulation assumes a fixed protein-to-energy ratio within any given formulation. The current E2 1 industry use of LP least cost feed mix does not allow the protein energy ratio to be a function of feed prices or the productivity of protein and energy. There are other op-W E timization models, including dynamic optimization and LP models of the block diagonal type, that might incorporate variability of protein to energy in the analysis. However, it is not within the scope of this paper to compare all models. Rather, the goal is to make an improvement in industry practices by adding growth response information to the wealth of linear programming data that P are currently the industry standard. Finding market prices for protein intake (rp) and metabolizable energy (re) is a difficult, if not impossible, task. Thus, the proposed model needs to be transformed. It is ((MPP) rp suitable to write the quadratic equation (1) (9) (MRTS)pe = -(MPP) r as a function of all available feedstuffs that (9) (Pmay be used to provide protein and metawhere rp and re are the prices of protein and bolizable energy for broilers. metabolizable energy, respectively. By subIn a matrix format, the quadratic form of stituting the marginal products of P and E equation (1) 
or simply, (12c) w* = AP + P' A 2 P.
(1la) P = K, + K 2 E. The transformation from the nutrient space (P, E) into the feed ingredient (X) space is Equation (11) shows all combinations of P made through the coefficients (content) of and E to achieve economic efficiency for protein (Mp) and energy (Me) in each ingrealternative levels of total fixed feed cost. In dient (xi) in X where: j = 1, ... ,n; p = 1, other words, the expansion path from the ... ,n; e = I, ...,n; and quadratic production function is a positively sloped straight line not passing through the P origin (KI # 0, K2 > 0). The ratio of P and (13) (n E is different for every level of output. This L E LMe (nX indicates there must be a trade-off between (2 X 1)
Substituting this relationship into equation
The preceding approach, which at this point (12c), it follows that: is a trivial broiler diet problem, does help to specify a more general QP problem of diet (14) M the problem within the region of the concave p io r f io i function specified in Figure 1 shows maxiThe production responsction tion is thus m total broiler liveweight that can be obmum total broiler liveweight that can be obexpressed as a transformed function of the n taied for cost C which readily translates into tained for cost C which readily translates into feed ingredients (X). Since the prices' (r) of least cost per pound of broiler at cost level all x in X are well defined, equation (14) C. Further, since broiler producers generally can be analyzed to find an exact point of assume constant forward contract prices, the economic efficiency in the feasible region of solution also translates into maximum net regrowth, Figure 3 .
turns above feed cost for the specified level Conceptual Source of QP Feed of cost. Parametric change in C would trace Formulation out a range of technically feasible costs, liveweight, net returns, and, perhaps most imWhen two or more inputs (n-feeds) are portantly, the feed mix and associated used in a production process, the efficiency specifications of P and E. Specifications of P problem could be solved by means of the and E would be a function of feedstuff prices Lagrange technique. The problem might be and expected growth response. This suggests formulated as follows:
an improvement over current ad hoc methods Maximize transformed production response: of specifying P and E levels in LP.
(15a W*=f
However, translating this simple approach into a complete and general feed formulation subject to a given feed cost:
problem for the feed industry requires careful~~~n ~attention to additional concepts of technical (15b) C= E rx.
feasibility related to nutrients required for ( j=C 1 growth. The literature and history of poultry nutrition require that additional restrictions The Lagrangean function is:
(other than cost) must be specified to produce (16) L = f(x, X2, .... )... Xn) + maximum growth response to P and E. In other (16) L f(xi, x, 2 . , xn) + words, other nutritional requirements and n growing conditions must be fixed, at least X(C -Z rjxj) and within specified ranges, when the production j= 1 response to P and E is determined. These additional restrictions have been easily incor-B X > K porated into LP least cost feed mix (mxn) (nxl) < (mxl) programming and must also be applied in feed formulation by a QP model. T X > (m--lxn) (nxl) < 0.
QP Feed Formulation for Least Cost of (m-1)
Production the Kuhn-Tucker sufficiency conditions for Perhaps the best way to observe how prooptimality are well known (Chiang) . 2 duction response is constrained by nutrients other than P and E is to briefly examine other tained by making the amount of mixed feed nutrients in linear programming currently (MF) an endogenous variable in the QP model. used in poultry nutrition. In feed formulation A unique feature of the LP diet problem is for broilers, linear programming is used to that the right-hand-side (RHS) of the problem minimize feed cost per pound of feed subject contains the coefficients of the MF variable. to a set of nutrient requirements:
The 
where bej is the amount of the ith nutrient in T X > O a pound of the jth feed (x,) and k, is the (mXn) (nXl) < (m-1) requirement of the ith nutrient per pound of As an example consider: mixed feed. Current feed formulation practices include more nutrient specifications (values of KI) than just protein and energy.
b: 1 X, + b 12 X, 2 k, Methionine, lysine, sodium, and fiber are a (17) b 21 X 1 + b 22 X 2 > k 2 or BX > K few values of k. that are common. X, + X 2 = 1 Since ki is a rate or ratio, poultry nutritionists discuss this rate as "nutrient density." Moreover, in recent years, they have for-but the right-hand-side defines one unit of mulated variations of the standard LP (equa-MF Thus, tions 16a and 16b) to allow nutrient density bllX1 + b 1 2 X 2 > k 1 MF of a pound of mixed feed to be a function (18) b 2 X + b 22 2 kMF of various notions of feed processing and + distribution costs (Pesti et al.) . However, M none of the variations include the concept that the nutrient density of protein and en-and by substitution of the last equation into ergy in feed should be a function of their all others: relative prices and productivities. In fact, nutrient density (of P and E) is generally desired to be fixed within ranges by nutri-(b 1 i -k)Xi + (bi 2 -k)X 2 ' 0 tional concepts. Pesti et al. have shown that (19) (b2l -k 2 )Xl + (b 22 -k 2 ) X 2 > 0 the feed mix industry appears to have no or TX > 0. recognition that some LP variations allow nutrient density to be a function of economic variables. Thus, one result of this report While the reduced form is of little use in LP, should be a more general understanding of it greatly facilitates the QP model by allowing the role of price in setting nutrient levels the levels of X to be a function of their prices, (density). With very little change in current productivity of P and E, and all other required procedures, the QP analysis proposed will nutrient densities. Now, if the objective funcgo well beyond LP but use all of the data tion of the LP model, equation (16a), is and nutrition specifications of LP except P constrained to some constant cost per bird and E density.
(C) and appended as the last row following To construct a QP model to maximize equa-TX > 0, the result is a set of contion (14), a simple transformation needs to < be made on the right-hand-side (RHS of equa-straints that allows bird growth transformed tion 16b) of the LP formulation. All of the to feed ingredient space to be maximized nutrient densities, except protein and energy, subject to nutrient density restrictions on the must remain fixed in specified ranges by the feed mix and a constraint on feed cost. least cost of production model. The densities Thus, an appropriate least cost of produc-(nutrient per unit of feed) are easily main-tion model is:
(20) Max: wV = Al rMn + rMpMe] major part of the constraint set for examining e X' the quadratic objective which is growth re--U -J~ sponse to the basic nutrients consumed. Max-A 2 rMp 1 X imizing liveweight gain subject to parametric LMeJ changes in the right-hand-side value of C traces out a restricted expansion path of ecosubject to: TX X 0 and nomic efficiency. The classical expansion path rX = C.
results indicated by equations (9), (10), and (11) are not generally obtained because of The density coefficients of protein (P) and the additional nutrient density restrictions of energy (E) may be greater than or equal to the type described in TX > 0 that arise from any required density in the mixed feed and this will be reflected in the reduced form usual technical restrictions used by the poulmatrix (T). Solution of the QP problem with try industry. These additional restrictions transformed growth response as the objective mean that each solution of the quadratic function will then yield the amounts of in-programming problem finds a point on a regredients from which densities for P and E stricted expansion path. Perhaps more imcan be calculated that produce maximum portantly, the optimum levels of P and E and liveweight for the specified cost C, i.e., the the feed mix associated with least cost per economically efficient contribution of P and pound of broiler output can be estimated for E. The result is a general QP problem for any feasible cost (C) per bird. Furthermore, least cost of broiler production and associ-the optimum levels of P and E are a function ated feed formulation.
of feed prices and the observed production Thus, the objective function and nutrient response (W). An economic trade-off beconstraints of any current industry linear pro-tween nutrient densities of P and E occurs gramming model for a feed mix form the whenever feedstuff prices change.
